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Imaginary Kahlerian Killing spinors I 

Nicolas Ginoux*and Uwe Semmelmann^ 
January 12, 2013 



Abstract. We describe and to some extent characterize a new family of Kahler spin manifolds admitting 
non-trivial imaginary Kahlerian Killing spinors. 

1 Introduction 

O _ 

Let (M 2n ,g, J) a Kahler manifold of real dimension 2n and with Kahler- form SI defined by SI (A, Y) := 
g(J(X),Y) for all vectors X,Y e TM. We denote by p+ : TM — > T 1,0 M, X ^ \{X - U{X)) and 
p_ : TM — ► T°' l M, X i y \{X + iJ{X)) the projection maps. In case M 2n is spin, we denote its 
complex spinor bundle by EM. 



Definition 1.1 Let (M 2n , g, J) a spin Kahler manifold and a € C. A pair (V>, <^) of sections ofT,M is 
called an a-Kahlerian Killing spinor if and only if it satisfies, for every X € T(TM) 7 



o 

Q 

An a-Kahlerian Killing spinor is said to be real (resp. imaginary,) if and only if a e R (resp. a € iK* ) 



Vx^ =— ap-(X) ■ (f) 
Vv(^ =-ap + (X)-<ip. 



If a = 0, then an a-Kahlerian Killing spinor is nothing but a pair of parallel spinors. The classification of 
Kahler spin manifolds (resp. spin manifolds) admitting real non-parallel Kahlerian Killing (resp. parallel) 
spinors has been established by A. Moroianu in [12 (resp. by McK. Wang in (14)). 

\Q • In this paper, we describe and partially classify those Kahler spin manifolds carrying non-trivial imag- 

inary Kahlerian Killing spinors. Note first that there is no restriction in assuming a — i: obviously, 
changing (ip, <fi) into (tp, —(f>) changes a into —a; moreover, (?/>, (f) is an a-Kahlerian Killing spinor on 

C\| . (M 2n , g, J) if and only if it is an j-Kahlerian Killing spinor on (M 2n , X 2 g, J) for any constant A > 0. 

o 

K.-D. Kirchberg, who introduced this equation (see [5] for references), showed that, if a non-zero i- 
Kahlerian Killing spinor (ip,<f>) exists on (M 2n ,g, J), then necessarily the complex dimension n of M is 
odd, the manifold (M 2n ,g) is Einstein with scalar curvature — 4n(n+ 1), the pair (ij), (ft) vanishes nowhere 
. and satisfies 0,-ip = — itp as well as $1 • <f> = i(f>, see [3] and Proposition 12.11 below for further properties. 

Moreover, he proved in the case n = 3 that the holomorphic sectional curvature must be constant [21 
Thm. 16], in particular only the complex hyperbolic space CH 3 occurs as simply-connected complete 
(M 6 ,g, J) with non-trivial z-Kahlerian Killing spinors. 

We extend Kirchberg's results in several ways. First, we study in detail the critical points of the length 
function of ip. We show that, if the underlying Riemannian manifold (M 2n ,g) is connected and 
complete, then \tp\ has at most one critical value, which then has to be a (global) minimum and that the 
corresponding set of critical points is a Kahler totally geodesic submanifold (Proposition I2.3[) . 
As a next step, we describe a whole family of examples of Kahler manifolds admitting non-trivial i- 
Kahlerian Killing spinors (Theorem I3.9|) . including the complex hyperbolic space and some Kahler mani- 
folds with non-constant holomorphic sectional curvature (Corollary I3.13[) . All arise as so-called doubly- 
warped products over Sasakian manifolds. A more detailed study of the induced spinor equation on 
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that Sasakian manifold allows the complex hyperbolic space to be characterized within the family (The- 
orem [HTHJ). 



In the last section, we show that doubly-warped products are the only possible Kahler manifolds with 
non-trivial z-Kahlerian Killing spinors as soon as both components of have the same length and 

are exchanged through the Clifford multiplication by a (real) vector field (Theorem 14. ip . This shows 
an interesting analogy with H. Baum's classification [3J |3] of complete Riemannian spin manifolds with 
imaginary Killing spinors. 

Acknowledgment. This project benefited from the generous support of the universities of Hamburg, Potsdam, 
Cologne and Regensburg as well as the DFG-Sonderforschungsbereich 647. Special thanks are due to Christian 
Bar and Bernd Ammann. We also acknowledge very helpful discussions with Bogdan Alexandrov, Georges Habib 
and Daniel Huybrechts. 

2 General integrability conditions 

In this section we look for further necessary conditions for the existence of imaginary Kahlerian Killing 
spinors. Consider the vector field V on M defined by 

g(V,X):=Zm((p + (X)-Tp,ct>)) (1) 

for every vector X on M. We recall the following 

Proposition 2.1 (see |9j) Let (ip,<fi) be an i-Kdhlerian Killing spinor on (M 2n ,g,J) which does not 
vanish identically. Then the following properties hold: 

i) grad(M 2 ) = grad(|ftf ) = 2V. 
ii) For all vectors X, Y € TM, 

g(V x V,Y) = Re«p_pO • hP-QT) ■ 0) + (p+(X) ■ tJj, P+ (Y) ■ $)) . 

In particular, 

Hess(|</f)CA, F) = Hcss(|0| 2 )(X,r) = 25Re «p_(X) • 4>,P-(Y) ' 4>) + (p+ W ■ Tp,P+(Y) ■ . 
Hi) A(|t/;| 2 ) = A(|0| 2 ) = -2(n+ 1)(|^| 2 + \<j>\ 2 ), where A := -tr g (Hess). 

iv) The vector field V is holomorphic, i.e., it satisfies: Vj(x)V r = J(S7xV) for every X € TM. In 
particular, the vector field J(V) is Killing on M. 

v) grad(|y| 2 ) = 2V V V. 

Note that, from Proposition (27TJ the identity A(|</>| 2 + \(j)\ 2 ) = -A{n + l){\il>\ 2 + \<f)\ 2 ) holds on M, therefore 
M cannot be compact. 

Next we are interested in the critical points of \ip\ 2 (or of \(f>\ 2 , they are the same by Proposition 12. H z)). 
We need a technical lemma: 

Lemma 2.2 Under the hypotheses of Proposition [2~Tl one has 

V X V Y V = V^ xY V + {2g(V, X)Y + g(V, Y)X - g(V, J(Y))J(X) + g(X, Y)V + g(J(X),Y)J(V)} 

for all vector fields X.Y on M. Therefore, 

Hess(\V\ 2 )(X, Y) = 2g{V x V, V Y V) + 2 (3g(X, V)g(Y, V) + \V\ 2 g(X, Y) - g(X, J(V))g(Y, J(V))) . 
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Proof. Using Proposition 12. 11 we compute in a local orthonormal basis {ej}i<j<2 n of TM: 

In 

VxVyV = 53Re(<p_(Vxy)-0,P-(e i )-^) + <p+(Vx5O-^P+(ei)-V'> 
3=1 

+ (p_(Y) • Vx<t>,P-(ej) ■ <P) + (p-(Y) ■ 0,p_( ej ) • Vx^) 
+ (p+(Y) • Vx^P+C^-) • V) + (p+W ' V>,P+(e,-) • VxV>))ei 

2n 

= £Re((p_(VjrY) • 0,p_(ej) • 0) + (p+(V*Y) . ^p+fe) • $ 

3=1 

- a(p_(Y) -p + (X) • tl>,p-( ej ) ■ 4>)+u( P -{Y) ■ frp^ej) ■ p+(X) ■ V) 

- a{p + (Y) ■ p_(X) ■ cb, P+ (e 3 ) ■ $ + a{p + (Y) ■ V.P+fo) • P-(X) ■ 0)) ej 

2n 

+^9m((p_(y) -p+pr) .^,p_( ej ) • 0> + (p+(y) -p_(x) • 0,p+( ei ) • Tp)) ej 

3=1 
2n 

-^3m((p_(y) • 0,p_( ej ) -p+(X) • $ + (p + (Y) • ^p+(e,-) -P-(X) • $) ej . 

3=1 

We compute the second line of the right-hand side of the preceding equation (the treatment of the third 
one is analogous). Using (p + (X) -ip,4>) = ^w{V,p+(X)), we obtain 

(p + (Y)-p_(X)^,p + ( ei )-V> = (ip,P-(X) ■ p + (Y) ■ p_(ej) ■ <j>) + Mg(Y,p_( ej ))g(V,p.(X)) 

+Aig(Y,p_(X))g(V,p.(e j )). 

We deduce that, for every j G {1, . . . , 2n}, 

(p_(Y) -p+(X) ■ frp-fa) ■ 4>) + (p+(Y)-p-(X) ■ hp+iej) ■ V) = 2Re «^,p_ (X) -p+(Y) -p_(e,-) • 0» 

+4< s (y,p_(e J -))s(v;p_(A:)) 
+4< s (y,p_(A:)) ff (v;p_(e J -)). 

The imaginary part of the right-hand side of the last equality is then given for every j € {1, . . . , 2n} by 
4Se( S (y ) p.(e j )) S (^p.(X)) + S (y i p.(^)) J {V 1 p.(e j ))) = $(V, X) 5 (Y, ei ) + g(V, J(X))g(J(Y), ej ) 

+. 9 pr, y) 3 (y, ej ) + ff ( J(x), y) 3 ( j(v), ej). 

This shows that 

2n 

^3m((p_(y).p + (I) • ^P-(e,-) ■ 4>) + (p+(Y) -P-(X) ■ ^ P+ {e 3 ) ■ ^))e 3 - = ff(V,Jf)Y 

3=1 

+ 3 (y,j(x))j(y) 
+ ff (x,Y)u 

+ ff (J(X),F)J(U). 

Similarly, one shows that 

2n 

^3m((p_(Y) ■ 0,p_(e,-) -p+(X) • ^> + (p+(Y) • V,P+(e,0 -P-(^) ■ <t>))ej = -g{V,Y)X 

3=1 

+<?(v,j(y))j(x) 

-s(v,a:)y 

+. 9 (u,j(x))j(y). 
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Combining the computations above, we obtain 

+ (g(V, X)Y + g(V, J(X))J{Y) + g(X, Y)V + g(J(X), Y)J{V)) 
- (-g(V, Y)X + g(V, J(Y))J(X) - g(V, X)Y + g(V, J(X))J(Y)) 

+ (2g(V, X)Y + g(V, Y)X - g(V, J{Y))J(X) + g(X, Y)V + g(J(X), Y)J{V)) , 

which shows the first identity. We deduce for the Hessian of \V\ 2 that, for all vector fields X, Y on M, 

Hess(|Vf = 2g{V x V v V,Y) 

= 2g(V^ xV V, Y) + 2(2 5 (1/, X)g(V, Y) + \V \ 2 g(X, Y) - + g(X, V)g(V, Y) 

+ g(J(X),V)g(J(V),Y) 
= 2g{V x V, V Y V) + 2 (3g(X, V)g(Y, V) + \V\ 2 g(X, Y) - g(X, J(V))g(Y, J(V))) , 
which is the second identity. This concludes the proof of Lemma 12.21 □ 
We can now describe more precisely the set of critical values and points of \ip\ 2 and \V\ 2 . 

Proposition 2.3 Under the hypotheses of Proposition [2~Tl assume furthermore (M 2n ,g) to be connected 
and complete. Then the following holds: 

i) The set {V — 0} of zeros of V coincides with {S/yV = 0}. As a consequence, the zeros of V are 
the only critical points of the function \V\ 2 on M 2n . 

ii) The subset {V = 0} is a (possibly empty) connected totally geodesic Kahler submanifold of complex 
dimension k < n in (M 2n ,g,J). Furthermore, for all x,y E {V = 0}, every geodesic segment 
between x and y lies in {V = 0}. 

Hi) The function \ip\ 2 has at most one critical value on M 2n , which is then a global minimum of \ip\ 2 - 
Furthermore, the set of critical points of \ip\ 2 is a connected totally geodesic Kahler submanifold in 
(M 2n ,g,J). 

Proof. The proof relies on simple computations and arguments. 

i) Proposition I2.H i;) already implies that {Vyl/ = 0} coincides with the set of critical points of \V\ 2 . 
Every zero of V is obviously a zero of Vy V, i.e., a critical point of | V\ 2 . Conversely, leta;£{VyV = 0}. 
Then = g x (V v V,V) = \p-(V x ) ■ 0| 2 + \p+{V x ) ■ Vf, so that ■ 4> = and p+{V x ) ■ i/> = 0, which, 
in turn, implies = 3m ((p + (V x ) ■ if), <j))) — g(V x , V x ), that is, V x = 0. This shows i). 

ii) The subset {V = 0} - if non-empty - is the fixed-point-set in M 2n of the flow of the holomorphic 
Killing field J(V), therefore it is a totally geodesic Kahler submanifold of M 2n (see e.g. [TU1 Sec. II.5]); 
moreover, it cannot contain any open subset of M 2n since otherwise V would identically vanish as a 
holomorphic vector field. To show the connectedness of {V = 0}, it suffices to prove the second part of 
the statement. Pick any two points xo,x± in {V = 0} (or, equivalently, any critical points of |V| 2 ) and 
any geodesic c in (M 2n ,g) with c(0) = xq and c(l) = x\. Consider the real-valued function f(i) := \V\ 2 ^ 

defined on R. Then, for any t £ K one has /'(*) = g(grad(| V\ 2 ), c'(t)) = 2g(V c , {t) V, V) and 

r(t)=R CS s(\V\ 2 )(c'(t),c'(t)). 

Lemma l2~2l provides the Hessian of \V\ 2 : for every X £ TM, 

Hess(|Vf )(X, X) = 2\V X V\ 2 + 2 (3g(V, X) 2 + \V\ 2 \X\ 2 - g(X, J{V)) 2 ) . 

By Cauchy-Schwarz inequality, |V| 2 |Jf| 2 - g(X, J(V)) 2 > 0, so that Hess(| V\ 2 ){X, X) > for all X, in 
particular / is convex. This in turn implies that, if /'(0) = /'(l) = 0, then necessarily / vanishes on 
[0, 1]. This proves ii). 

Hi) Set, for any t £ R, h(t) := IV'lc(t) wnere c is an arbitrary geodesic on (M 2n ,g). We show again that 
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h is convex. As before h"(t) = Ress(\ip\ 2 )(c' (t), c'(t)) > for every t G K, where Hess(|i/j| 2 )(X, X) = 
2(|p_(X) • 0| 2 + b+(A) • VI 2 ) > for every X G TM (Proposition l2TTj) . We already know that, if 
V = 7;grad(|?/>| 2 ) vanishes at two different points of c, then it vanishes on any geodesic segment joining 
the two points, therefore \ip\ 2 is constant on it. This proves that \ip\ 2 has at most one critical value. Since 
h is convex this critical value is necessarily a minimum. The last part of the statement is a straightforward 
consequence of ii) since grad(|?/>| 2 ) = 2V by Proposition 12. II This shows Hi) and concludes the proof. □ 



3 Doubly warped products with imaginary Kahlerian Killing 
spinors 

In this section, we describe the so-called doubly-warped products carrying non-zero imaginary Kahlerian 
Killing spinors. Doubly warped products were introduced in the spinorial context by Patrick Baier in his 
master thesis [T] to compute the Dirac spectrum of the complex hyperbolic space, using its representation 
as a doubly-warped product over an odd-dimensional sphere. 

First we recall general formulas on warped products. 

Lemma 3.1 Let (M := M x I,g := gt® /3dt 2 ) be a warped product, where I C K is an open interval, 
g t is a smooth 1 -parameter family of Riemannian metrics on M and j3 G C°°(M x /,R*). Denote by 
M — i> M the first projection. Then, for all X, Y G T(it*TM), 



~ d 

V a — = 

dt 


1 

-2 [ 


, , nl 19/3 9 


V a X = 

at 


dX 
dt 


+ 1 n- ld9t (X 1 9/3 (X\ 9 

+ 2 9t -m {x '- ) + 2pd^ {x) dl 


~ d 
V ^ = 


1 

2 9t 


i d 9t(x 1 9/3 m 9 


V X Y = 




1 dgt d 

Y ~ w ~dl [X ' Y) ~dt 



where = andS7 M (resp. V ) is the Levi-Civita covariant derivative of(M,g t ) (resp. of(M,g)). 



Proof, straightforward consequence of the Koszul identity. □ 

From now on we restrict ourselves to the following particular case: the manifold M will be equipped with 
a Riemannian flow. 

Definition 3.2 

i) A Riemannian flow is a triple (M, £), where M is a smooth manifold and £ is a smooth unit 
vector field whose flow is isometric on the orthogonal distribution, i.e., <?(V|f£, Z') = — g(Z, V^{£) 
for all Z,Z' G £ , where V M denotes the Levi-Civita covariant derivative of (M,g). 



ii) A Riemannian flow (M,~g,£) is called minimal if and only if V|^£ = 0, that is, if £ is actually a 
Killing vector field on M. 




Let (M, g, £) be a minimal Riemannian flow. Let h denote the endomorphism-field of £ defined by 
h{Z) := V|f £ for every Z G £ . Let V be the covariant derivative on £ defined for all Z G r(£ ) by 
r? if X = ? 

-i„, r_L ~ • Alternatively, V can be described by the following formulas: for all 

(VfZ)« ifX_L£ 

V^Z = V^Z + /I(Z) and VfZ' = VzZ'-g(h(Z),Z')t 

It is important to notice that, if (M,~g,^) is a (minimal) Riemannian flow and g := r 2 (s 2 g^ © ) for 

some constants r, s > 0, then (M, g, £ := ~£) is a (minimal) Riemannian flow with corresponding objects 
given by 

h=-h and V = V. (2) 

r 
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In this language, a Sasakian manifold is a minimal Riemannian flow (M, 'g, £) such that h is a transver- 
sal Kahler structure, that is, h 2 = — Idjx and V/i = 0. Further on in the text we shall need for 
normalization purposes so-called T> -homothetic deformations of a Sasakian structure: a 2?-homothctic 
deformation of (M,g,£) is (M , X 2 (X 2 g^ ® g^ ± ) , J2O for some A € K*. The identities © imply that 

(M, A 2 (A 2 <7|-© g^±), jtC) is Sasakian as soon as (M, g, £) is Sasakian. 

We can now make the concept of doubly-warped product precise: 
Definition 3.3 A doubly-warped product is a warped product of the form 

[M,g) := (M x /, p(t) 2 (<j(t)\ © % x ) © di 2 ), 

where I is an open interval, (M, g, £) is a minimal Riemannian flow, p,a : I — > R , are smooth functions 
andqg-.= q\ _ o? x :=ou, . 

As for warped products, it can be easily proved that a doubly- warped product (M,7j) is complete as soon 
as / = R and (M, g) is complete. 

It is easy to check that, setting g t :— p(t) 2 (a(t) 2 g^® %0i one nas ^§t = 2^-<7t + ^-5t(7TfD ') an d the 
unit vector field providing the Riemannian flow on (M,g t ) is £ = In particular, the formulas in 

Lemma 13.11 simplify: 

v 8 | = 

Vaf = 

at 

v,z = d 4 + tz 

*t dt p 

v4 = ^ 

at pa 

per a< 
V 5 Z = V ? Z + /i(Z) 

V^' = V z Z'-g t (h(Z),Z')Z-^g t (Z,Z')^- 

p at 

where we have denoted the corresponding objects on (M,gt,£) without the hat 

Next we look at a possible construction of Kahler structures on doubly-warped products. 

Lemma 3.4 Let (M,g) := (M x I,p(t) 2 (a(t) 2 'g^(Bg^±) © dt 2 ) be a doubly-warped product. Assume the 
existence of a transversal Kahler structure J on [M,g,£) and define the almost complex structure J on 
M by J(£) := §- t , J(§- t ) := -£ and J(Z) := J(Z) for all Z £ {£, ^j^. Then (M 2n ,g,J) is K&hler if 
and only if h = —^-J on {£, Jj}^ (in particular must be constant). 

Proof: Using the identities above we write down the condition V J = 0. Denote by h and V the objects 
corresponding to gt on M. Note first that, by definition and ©, one has V J = on {£, ■§i} ± and 
e }J _ = J, which does not depend on t. Hence we obtain, for all Z, Z' G r(£ ): 

V a (lA) - J(V a = 

Va(J(£))- J(VaO = 

at at 

Va(J»)-J(Va^) = ^)-J(^) = ^p)-J(f) = 



G 



V € (J(Z))- J(V e Z) 
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V z (J(-))-J(V^-) = 



at 



0i' 



Vz(J(0) - J(VzO 
V Z (J(Z')) - J(VzZ') 






ho J(Z)- J oh{Z) 
-h{Z)-P-J{Z) 

p 

— Z-Joh(Z) 

p 

-g t (h(Z),J(Z'))Z 



^ gt (Z,J(Z'))§- 
p at 



gt(h(Z),Z'] 



dt 



-9t(Z, Z'% 



Therefore, V J = implies h — — — J on £ which, in turn, implies ho J = J oh. Moreover, ([2]) implies 



that /i = -/i, which yields /i = —^J- The reverse implication is obvious. 



□ 



Remarks 3.5 



1. With the assumptions of Lemma 13.41 the function p' vanishes either identically or nowhere on the 
interval /. In the former case the vanishing of h is equivalent to M being locally the Riemannian 
product of an interval with a Kahler manifold; in the latter one, we may assume, up to changing a 
into \^r\<y (and g into (y) 2 g^® that h = —eJ and p' — ea with s G {±1}- 

2. Given a Kahler doubly warped product (M, g, J) as in Lemma l3~4l and a real constant C, the map 
(x, t) H> (x, ±i + C) provides a holomorphic isometry (M,g, J) — > (M',g', J'), where (M 1 ,<f) := 
(M x (C± I), g±t+c © <^ 2 ) and J' is the corresponding complex structure (again as in Lemma I3T4"]) . 
If furthermore M is spin, then this isometry preserves the corresponding spin structures. Thus, in 
the case where p' ^ 0, we may assume that e = 1, i.e., that h = — J and p' = a. 



Now we examine the correspondence of spinors. Let the underlying manifold M of some minimal Rieman- 
nian flow (M, be spin and, in case M is the total space of a Riemannian submersion with S 1 -fibres 
over a spin manifold N, let M carry the spin structure induced by that of N. Let EM denote the spinor 
bundle of (M, g) and " • " its Clifford multiplication. Let the doubly warped product M carry the product 

spin structure (with Clifford multiplication denoted by "•"). Then the transversal covariant derivative V 
induces a covariant derivative - also denoted by V - on EM, which is related to the spinorial Levi-Civita 
covariant derivative V M on EM via (see e.g. eq. (2.4.7)] or [5J Sec. 4]) 

^ 2n-2 ^ 

S/fm = \7 £ m+ - V e - • h(ei) ■ in and Vsftf = Vzp + -£ • h(Z) ■ w 

for every ip G r(EM), where {ej}i<j<2n-2 is a local orthonormal basis of £ x C TM. 

Lemma 3.6 Let a minimal Riemannian flow (M, £) carry a transversal Kahler structure J such that 
the doubly-warped product (M,g, J) is Kahler, where J is the almost- complex structure induced by J as 
in Lemma 13.41 Assume furthermore M^to be spin. Let M carry the induced spin structure. Then the 
following identities hold for all tp 6 T(EM) and Z G {£, Jj} -1- -' 

V a (p = — - 
-t^ dt 

v z p = v^-|-(£- j(z) + z ■ ^ ■ <p, 



where Q denotes the Kahler form of (M,g, J). 



7 



Proof. Let (ei, . . . , e 2 „-2, e2n-i '■— £j e 2n '■= Jj) be a local positively-oriented orthonormal basis of TM 
and (ip a )a the corresponding spinorial frame. It can be assumed that ej = /0 _1 e) with g(ej,e k ) = $jk 
and -gf- = (extend some g-orthonormal basis independently of time). Split p — J2 a c a^a, then 

~ 1 2 ™ ~ dc 



=■■% 

dip 1 2n-2 ^ 

a j,k=l 

dip lr^ 2 V^ 2 r /^ e 7 n P' c l 

= ^ + 4 2^ c « 2^ i9t(-Q^,e k ) + -S jk }ej ■ e k ■ Va 
dip 

~dt' 

where we have used Va4 = Vsf = and fe- = — — e 7 - by the above choice of e,-. On the other 
hand, the Weingarten endomorphism field of (M,g t ) in M is given by A(£) := — = — £ and 
A(Z) := -V^^ = — ^-Z for all Z e {£, Jj}' 1 , so that the Gauss- Weingarten formula implies 



<9 

1 (per)' 9 

= + - > e,- • /i(e 7 ) • </? - ■ — • ip 

4 ^— ^ m m 2pa dt 



where O is the 2-form associated to J on {£, ^j- 1 , i.e., fi(Z, Z') = g t {J{Z), Z') for all Z, Z' e {£, ^j- 1 - 

at' 



Since f2 = Sl + £Ajj,we deduce that 



at 

iM 



For any Z e {£, Jj} -1 , one has 

V z p = ^ <p +Ia(Z)-^- V 

= v^-^-J(z).^-^z.|.^ 

which shows the last identity and concludes the proof. □ 

Later on we shall need to split spinors into different components. Recall that, on any Kahler spin manifold 
(M 2n ,g, J), the spinor bundle EM of (M 2n ,g) splits under the Clifford action of the Kahler form VL into 

n 

EM = E r M, 

r=0 

where E r M := Ker(fi • —i(2r — n)Id). Now if (M 2n ,g,J) is a doubly-warped product as above, then 
any ip £ E r M (with r G {0, 1, . . . , n}) can be further split into eigenvectors for the Clifford action of 
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ft = g(J-, ■). Namely, since [£ A J^, fi] = 0, the automorphism f • of EM leaves E r M invariant; from 
(£ ■ -§t) 2 = — 1 on e deduces the orthogonal decomposition E r M = Ker(£ • Jj + ild) © Ker(£ • & — ild). 
Since both Clifford actions of £ and Jj are V-parallel, so is the latter splitting. But, for any tp S E r M, 
one has 

99 £ Ker(£ • — ± ild) f2 • = i(2r — n)(f ± itp 

^=^- Q ■ tp = i(2r — n ± 

that is, E r M n Ker(£ • ^ + ild) = E r M and E r M n Ker(£ • ^ - zld) = E r _iM, where by definition 
E r M := Ker(Sl • — i(2r — (n — l)Id)) for r £ {0, 1, . . . , n — 1} and {0} otherwise. Out of dimensional 
reasons one actually has 

E r M = E r M ® E r _iM (3) 

for every r £ {0, 1, . . . , n}. Beware here that, if r is even, then E r M is a subspace of E + M hence E r Mi M 
is canonically identified with a subspace of E + M| M = EM, whereas if r is odd then it is a subspace of 
E_M and is also identified as a subspace of EM, but this time with opposite Clifford multiplication. 

Lemma 3.7 Under the hypotheses of Lemma l3. 61 let tp £ r(E r M) for some r £ {0, f . . . , n} and consider 
its decomposition tp = (p r + tp r —i w.r.t. Then the identities of Lemma 13.61 read: 



at 

V_0_<y9, — 1 



dip r 
~dt 

at 



~ i . . ,/)' cr', 

V^iPr = V^ipr + -{{n - 2r) 1 )(f r 

Z pa 

^ifr-i = VfW-i + -((n- 2r) — )<p r -i 

Z pa 



V Z <P = VzVr - —P+(Z) ■ ^- ■ ip r -i + Vzfr-1 - —P- {Z)'lL- <Pr 
p at p at 

for all Z £ {£, -§7}^ , where, as usual, p±(Z) = }AZ =p iJ(Z)). 



Proof. The first two identities follow from V_a_(£ A Mi) = and Qjr = 0. For the third and fourth ones, 



note that V^(£ A Jj) = 0, so that 



~ ~ ip' . . ia' 

V(tp r + \/£ip r -i = V^ifr + Vt-ipr-i - — (2r - n)(lf r + ipr-l) - 7T~ VPr-l - <Pr) 

Zp Za 

i .. .p' a'. i .. .p' a'. 

= V^ipr + -{{n- 2r) 1 )ip r + Vfip r -i + -{{n - 2r) )<p r -i, 

Z pa Z pa 

which is the result. As for the last identity, one does not have Vz(£ A J^) = 0, however 

d d 

= -iJ(Z) ■ — ■ (<f r -l ~ (p r ) + Z ■ — ■ (tp r + <p r -l) 

d d 

= 2P+{ Z ) ■ g- ■ (Pr-1 + 2p-{Z) ■ — ■ tp r 

for all Z £ {^, ■§i} A ~- This concludes the proof. □ 

We now have all we need to rewrite the imaginary Kahler Killing spinor equation on doubly warped 
products. 

Lemma 3.8 Let a spin minimal Riemannian flow (M ,3, £) carry a transversal Kahler structure J 
such that the doubly-warped product (M, g, J) is Kahler, where J is the almost-complex structure induced 
by J as in Lemma 13.41 Let M carry the induced spin structure and assume n > 3 to be odd. Then a pair 
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(■0, 0) is an i-Kahlerian Killing spinor on (M 2n , g, J) if and only if the following identities are satisfied 
by the components = 0n+i + 0n-i and ip = ibn-i + ipn-3 w.r.t. (|3]): 



d<p, 



at 



dt 



dtp. 



dt 



dtp, 



at 

2 
2 
2 

Vz0.»-3 








(4) 



2V p 

.|(£l _ ^U„_ 3 



+ 



9i 



= P+(Z).(^.^« il -^» il ) 



9i 



■071-3 — ip-(Z) ■ (t) n + l 



= p_(^)-(^-fe-i^-i) 



/or euery Z G {£, ^j- 1 . 

Proo/i Since p+(Jj)"0 = ^(^iC)' 1 /' - 25t 
the i-Kahlerian Killing spinor equation is satisfied by ('0, 0) for X = Jr if and only if 



1 i- 1-)^ = R'^a=l and similarly p_(JL) 



+ 



dt dt 

Blbn-l 9*0 n-3 



eft 



eft 



■ ^ 



S 

'at 



which gives the first four identities (use [Q, Jj] = 0). 

Fromp+(£) -V = -ip+{§i) ■ = -ijj ■ ipn=i andp_(£) • = ■ = • 

i-Kahlerian Killing spinor equation is satisfied by (-0, 0) for X = £ if and only if 



-i we deduce that the 



2> 



IT 
(7 

a' 







dt 



d_ 

ot 



= o, 



which implies the next four equations. 

Let i? € {£, ■§i} A ~ , then the i-Kahlerian Killing spinor equation is satisfied by (0,0) for X = Z if and 
only if 

— P+ (Z) ■ 777 • <Ps=l 

p dt 2 

-V-{Z)---^ 

-P+(Z)---^ 

P' 17\ 9 A 
—P-\Z) ■ 777 ' 9n=l, 

p dt 2 

which concludes the proof. □ 
Next we want to describe all doubly warped products with non-zero imaginary Kahlerian Killing spinors. 



ip^ 


\z) 


lbn-1 
2 


= Vz0-+i 

2 


ipj, 


-(Z) 


lb n -3 
2 


= V z 0^i 

2 


ip. 


-(Z) 


071+1 
2 


= V Z 077-1 

2 


ip. 


\z) 


0^1 

2 


= V z ip™-3 

2 
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Theorem 3.9 For n > 3 odd let (M 2n ,g,J) be a Kdhler spin doubly warped product as in Lemma \'S. 81 
If there exists a non-zero i-Kahlerian Killing spinor (ip,<p) on (M 2n ,g,J), then 

• the minimal Riemannian flow (M 2 ™ _1 ,<?, £) is Sasakian, 

• to changing t into —t, applying a T>-homothety and translating the interval I by a constant, one 
has either p = e or p = sinh or p = cosh, 

• ifte components ip r and <j) r o/ (?/>,</>) w.r.t. ([3]) satisfy: 



i) In case p = e* : TTien cr = e* and, setting ijj n -3 := i-^ ■ ipn-s and (f n-i := e* 
one /ias 





= 




= 


#^ 


= 


^ * ~ 2 


= 


2 


= 


^ 2 


= 


2 


= (- 




= (- 



1 + 1 



1+1 



If furthermore = ; then for 4> n -i := 



M 2 
M 2 

t (j) n-i one has -^4> n-i = and 



V0n + 1 = 

VV'^ = o 

= 

2 AI 2 TV/ 2 



/n particular, the manifold (M 2n ,<?,£) admits a non-zero transver sally parallel spinor. Con- 
versely, every non-zero transversally parallel spinor <j> n -i € rfS n-i M) provides a non-zero i- 

Kdhlerian Killing spinor by setting d> n +i := ?/> n-3 := and i4n-i := e (bn-i , tb n-i := —eH-Sr -(fr n-i . 

2 2 2 2 2 0* 2 

Moreover, for any i-Kahlerian Killing spinor (ip,4>) on that doubly warped product (M 2n ,g, J), the 
component <J> n-i is transversally parallel on (M,g,£) if and only if i-§j. • ip = —(/)■ 

ii) In case p = sinh: One has a = cosh on I = R* and there is a one-to-one correspondence between the 
space of i-Kdhlerian Killing spinors on (M 2n ,g, J) and that of sections ((/? »+! , <f n-i , (p n-i , tp 
of S n+i M © Sn-iM8 Sn-iAf © 2^ M — ► M satisfying 



(-1)"/ o 

A-y-(n-2r)f^ y r 



_ -(-ir 



(~) 



2 ( n_2r )^ ^r-l 

(-l)»p + (Z)£ ( ^ ) r _ 1 



(5) 



on (M 2n \ <?,£), /or every Z G £ (//lis means that ((f n+i , ip n -i ) must satisfy ([5]) /or r = and 
(y»-i , <^i^3 ) must satisfy (|5|) /or r = ). 



Hi) In case p — cosh: One has a = sinh on I = M.^_ and there is a one-to-one correspondence between the 
space of i-Kdhlerian Killing spinors on (M 2n ,g, J) and that of sections , y .-i . y .-i , 
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ofE.+iMsSn-iMffiS.-iMffiH^M 



M satisfying 



V ? V r-l 



V7 M 



(-l) r / (~) 



_ (-1)' 



M 

(-lj^+^^r-l 



(6) 



on (A/ 2 ™ l ,g,C)j f or every Z S £ (^/lis means that (if n+i , ) mws£ satisfy ([6]) /or r = and 
(y.-i , ^n^3 ) mws£ satisfy ^ for r = 2=1 J. 

Proof. We first show p" = p on I. In order to express all equations of (j3J in an intrinsic way, we 
have to compare all objects on (M, g t ,£) with the corresponding ones on (M, 5, £). Recall that g t = 
p(t) 2 (cr(£) 2 <7£ © and £ — ^C- As for ((2]), it is elementary to check the following relations: 

v = v, £• = tr, t ■ = r\ z- = p^, z • = 

M M M M 



for all Ze^ 1 . Applying Jj onto 



V z 02+i =V+{ZT{p'§- t -(t)^-ip'ip^i) 
VziPn-s =p_(ZHp'r-^-=i-*P0»=i) 



and using 



90, 



at 



9V> n-3 

at 



0, one obtains 



5 a 



ip'tlin-i — ip- 



dt 



Odd d 

= (p"-pK(^f|-^ 

and analogously (p"— p)p_ (ZF| -^n-i = for all Z € £- L . Fix a local g-orthonormal basis (ej)i<j<2n-2 01 
£ . Putting Z = ej, Clifford-multiplying by ej and summing over j gives (p"—p)(f> n-i = (p" — p)ib n-i = 0. 



dcf> „_ 



On the other hand, both equations involving — g^- 
of £n-i M (independent of t) such that <f>n- 



e 1 



U d 



and — g^— provide the existence of smooth sections 
= e t At , + e~*A~ , and = -e*i4 

+ 



A„_ x . We deduce that (p" - p)^4t-i = (p" - p)^n-i = 0. If both A~l-i and A n _! vanished 



identically on M, then so would </> n-i and ^ n-i and the identities involving Vz ^-i and Vz^ »-i would 

22 22 

provide (after contracting with the Clifford multiplication just as above) 4> n +i = ip n -3 = 0, so that 
(ip, 4>) — 0, which is a contradiction. Therefore p" — p = on /. 

It follows in particular that p' = on / cannot hold, so we may assume that h = — J (hence (M 2n ~ 1 ,'g, £) 
is Sasakian) and p' = a (see Remarks I3.5[) . Furthermore, in the case where the constant (p') 2 —p 2 does not 



vanish, up to replacing p by 



(which is equivalent to performing a 2?-homothetic deformation 



y/\(p' 2 )-p 2 \ 

of the Sasakian structure), we may assume that (p /2 )-p 2 = 1 or -1 on I. Next we rewrite the equations 
from Lemma 13.81 considering the new sections ip n±t , y> n-i , y .-i , ip n -3 defined by 



(pn+l 
2 



= p'0n^l +«P^ • 1pn=l 

=i + p'lpn=± 



Note that the linear transformation 
if and only if (p') 2 — p 2 7^ 0. From (@]) we have, for all Ze( 



(fi n-3 :— ll) n-3 . 
2 2 

(4> n +i ,4> n-i ,i}) -n-i ,il) n-a ) 1— > (i^ n +i , i/j »-i , , <p ra -3 ) is hivertible 



9 

<9t 2 
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dt T — 

= - L1 ^(-- 2 ( ! ^ 1 ))(^) 2 -P 2 K>^ 

V^Hr 1 = ^^^- 2 ( !i i 1 ))((A' / ) 2 -p 2 )l'^ 
= -i^lZl(n-2(^))((p') 2 -p 2 K^ 

Vz^H±i = 'jP+( Z)~ Ifi n-l 

2 TV 'M 2 

- (-i)^((p0 2 -p 2 )p4^)?i^ 

= (-l)^P-(Z)^^-! . 
2 'jtf 2 

If (p') 2 — p 2 7^ on /, then the required equations directly follow from the above ones. Moreover, since 
in that case the correspondence (</> n+i ,<t> n -i ^ n-s ) H ► (y «+i , og n^i , S n-i , (p n -3 ) is bijective, the 

2 2 2 2 2 2 2 2 

"If" in the assumptions is actually an "if and only if". If now (p') 2 — p 2 = 0, then p 1 = ±p on J; since we 
have assumed p' > (up to changing t into — t), we only have to consider p' = p, hence p = Ce for some 
positive constant C. Since translating t provides a holomorphic isometry (again see Remarks 13. 5[) . one 
may assume that (7 = 1, i.e., p = e*. In that case, one has = on M, hence tpr^i vanishes either 

2 2 

identically or nowhere on M (and on M since it is constant in t). If y n -i 7^ 0, then all right members in 
the equations listed just above vanish except 

v z4>!±±i. = (-i) Ii ^ i p+(^)^<Pii^i 

2 M 2 

V z <p^_3 = (-l)V p _(z):^ ) 

which together with S n -i = i-m ■ Vb=± gives the result. If tfn^j_ = on M, then coming back to the 

2 01 2 2 

equations from Lemma 13.81 one has Vtft n+i = V 7/ ^-3 = and tft n-i satisfies the required equations. □ 

22 2 

Remark 3.10 In Theorem. I3.9U ) not every i-Kahlerian Killing spinor on M must come from a transver- 
sally parallel spinor on M. For instance, consider the complex hyperbolic space CH™ (for n odd) endowed 
with its Fubini-Study metric of constant holomorphic sectional curvature —4 and its canonical spin struc- 
ture. Then CH™ (possibly with a suitable submanifold removed) can be viewed as a doubly warped 
product in several ways. For example, CH™ is a doubly-warped product over the Heisenberg group M, 

which admits a ( U n -\ ^-dimensional space of transversally parallel spinors lying pointwise in L-i M 

(see below). However, CH™ carries a 2 ( ,^ rl ^-dimensional space of i-Kahlerian Killing spinors (!|| Sec. 

3], Therefore there exists at least one non-zero Kahlerian Killing spinor on CH™ which does not come 
from any transversally parallel spinor on M. 

As an example for Theorem l3.9l i). any Heisenberg manifold of dimension 4fe + 1 (with k > 1) has a spin 
structure for which the corresponding spinor bundle is trivialized by transversally parallel spinors. This 
follows from three facts: every Heisenberg manifold is an S^-bundle with totally geodesic fibres over a 
flat torus; every S^bundle over a manifold carrying parallel spinors carries transversally parallel spinors 
for the induced spin structure, see e.g. [5J Prop. 3.6]; the whole spinor bundle of any flat torus endowed 
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with its so-called trivial spin structure is trivialized by parallel spinors. Note that, as a consequence of 
Lemma 13.121 below, the doubly warped product arising from a (2n — l)-dimensional Heisenberg manifold 
M choosing p — a — e* has constant holomorphic sectional curvature —4, therefore it is holomorphically 
isometric to CH™ as soon as it is simply-connected and complete. 

Examples for Theorem 13. 9l z) with non-constant holomorphic sectional curvature can be constructed out 
of the following lemma: 

Lemma 3.11 For each integer n = 1 (4), let (N 2n ~ 2 ,gpf,J) be any simply- connected closed Hodge 
hyperkahler manifold. Then there exists an S 1 -bundle M over N carrying an S 1 -invariant metric g for 
which (M 2n_1 ,<?, £) is Sasakian and for which there exists a parallel spinor lying pointwise in Sn-itf. 

Proof. Recall first that every hyperkahler manifold is spin (this follows from the structure group Sp( IL ^-!-) 
being simply-connected). McK. Wang's classification [14] of manifolds with parallel spinors provides the 
existence of exactly + 1 linearly independent parallel spinors on N, one of which lies pointwise in 
En-iiV if and only if 2-=-!- is even [T31 (ii) p. 61]. Now, for any Hodge Kahler manifold (N,g, J) ("Hodge" 

meaning that its Kahler class is proportional to an integral class), there exists an S 1 -bundle M — > N 
carrying an S 1 -invariant metric g for which (M 2ra_1 , g, f) is Sasakian with h = — J, see [131 Prop. 2] (as 
usual £ denotes the fundamental vector field of the S 1 -action). By [5J Prop. 3.6], the lift of the non-zero 
parallel spinor in £ n^i N to M gives a non-zero transversal parallel spinor on (M 2 ™~ 1 , g, £) provided the 

spin structure on M is induced by the one on ir*(TN) and the trivial covering of S , because of h = — J, 

this spinor lies pointwise in S n -i M. □ 

2 

Kodaira's embedding theorem states that a closed Kahler manifold is Hodge if and only if it is projective, 
i.e., if and only if it can be holomorphically embedded in some complex projective space. Therefore 
projective hyperkahler manifolds of complex dimension 4fc (with k > 1) provide examples for N in 
Lemma 13.111 For instance, simply connected hyperkahler manifolds can be constructed as the Hilbert 
scheme of a K3-surface (cf. [5]). Indeed, let X be a K3-surface, then the Hilbert scheme Hi\b 2k (X) , which 
is the blow-up along the diagonal of the 2fc-th symmetric product of X, is a compact, simply-connected 
hyperkahler manifold of complex dimension 4fc. If X is projective, e.g. a quartic, then Hi\b 2k (X) is 
projective too and thus has an integer Kahler class. 

In order to decide whether the doubly warped product we construct is the complex hyperbolic space 
or not, the transversal holomorphic curvature of (M, g, £) and the holomorphic sectional curvature of 
(M 2n ,g, J) have to be compared: 

Lemma 3.12 Let {M ,g, J) be a Kahler doubly warped product as in Lemma [3.4l w^/t p" — p, a — p' and 

h = — J. Then the holomorphic sectional curvature K^^Z) of (M,lj, J) and the transversal holomorphic 
sectional curvature K^^Z) of(M, g 1 £) are related by 



K ho i{Z) = -l(/? hol (Z) - 4(//) 2 ), 



for all Z G {£, ^}" L \ {0}. In particular, the doubly warped product (M 2n , g, J) has constant holomor- 
phic sectional curvature —4 if and only if the transversal holomorphic sectional curvature of {M, g, £) is 
constant equal to 4((p') 2 — p 2 ). 

Proof. Recall that K hoi (Z) and Kh \(Z) are defined by 

~ g{R{Z,JZ)Z,JZ) ~ g(R(Z,JZ)Z,JZ) 

K-hol(Z) ■= ~,„ „s 2 and A llo i(ZJ .= 



2 



g{Z,Z) 2 no ^ '■ g(Z,Z) 

where Rx,y '■= Vrx-.yi — [Vx, Vy] and Rz,z< '■= V\z z'] — [^z, V^/] are the curvature tensors associated 
to V and V on TM and respectively. The following identities can be deduced from the formulas in 
Lemma |3. 11 taking into account p' = a and p" = p: 

at pa 
g{R{Z,JZ)Z,JZ) = g(R(Z,JZ)Z,JZ) -4{?-) 2 g(Z,Z) 2 , 
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for every Z £ {£, ^} \ {0}. Using g(Z, 

K hol (Z) = 



p 2 g~(Z, ■), we obtain 



g(R(Z,JZ)Z,JZ) _ V 2 
P 



1 g{R{Z,JZ)Z,JZ) 
7 



4(^) 2 , 
P 



which gives the first statement. Since by the computation above -Khoi(£) = —4 (independently of g), the 
second follows from the first (note that {p') 2 — p 2 is constant by the assumption p" = p). □ 

As a consequence of Theorem 13. 9i i). Lemma [3.111 and Lemma [6. 121 we obtain: 

Corollary 3.13 For an integer n = 1 (4), let (N 2n ~ 2 , g Nl J) be any simply- connected closed Hodge 
hyperkahler manifold. Let (M 2n_1 ,g,£) be constructed from N as in Lemma 13.111 and (M 2n ,g, J) be 
the^ Kahler spin doubly warped product constructed from M as in Lemma 13.61 with p = a = e . Then 
(M 2n ,g, J) carries a non-zero i-Kdhlerian Killing spinor but has non-constant holomorphic sectional 
curvature. 

Proof. The existence of a non-zero i-Kahlerian Killing spinor follows from Theorem l3.9l z) and Lemma r3.11l 
In case p = o~ = e , Lemma 13.121 implies that the holomorphic sectional curvature of the doubly warped 
product (M 2n ,g, J) is —4 if and only if the transversal holomorphic sectional curvature of (M, g, £) van- 
ishes, that is, if and only if its transversal curvature vanishes (see e.g. jTTJ Prop. 7.1 p. 166]). Now 
for any S 1 -bundle as in Lemma 13.111 the transversal (holomorphic) sectional curvature of M and the 
(holomorphic) sectional curvature of N coincide. Since simply-connected closed hyperkahler manifolds 
cannot be flat, the Kahler manifold (M 2n ,g, J) cannot have constant holomorphic sectional curvature. 
□ 

Corollarv l3.13l provides the first family of examples of Kahler spin manifolds of non-constant holomorphic 
sectional curvature carrying non-zero imaginary Kahlerian Killing spinors. 



The two other subcases (p') 2 
We do it in separate lemmas. 



p 2 = 1 and (p 1 ) 2 — p 2 = — 1 are geometrically more simple to describe. 



Lemma 3.14 Let [M 1 , g,£) be a Sasakian spin manifold with h — —J and fix r 6 {0,1, ... ,n}. Then 



a section (?p r ,?p r -i) ofY< r M(B'E r -iM satisfies ([5]) if and only ifip :— -0 r + i/v_i is 
on (M,g). 



(-i) r 



-Killing spinor 



Proof. Let be the 2-form associated to J on i.e., Q(Z, Z') = g{J[Z), Z 1 ) for all Z, Z' _L f. Using 
Q, ■ ib r = (— l) r+1 (2r — n + 1)£ ■ ib r (for all r) we have on the one hand 

M M 



which implies 



1 ( 

2" i\i 



2 M 

(-1) 



2 (*r-n + l)t M A 



t ^ 2 M 2 s m v 

+t±L {2 (r~l)-n + l)Si m A-i 

Vf i> - M 1> + ~ 2r)£ m i, r + t^-(2(r - 1) -n + 2)£ ^ A-u 



= (Vf i> - ^£ • V)r + - 2r)t • V. 



M 



v e vv-i = (vf v - • ^)r-x - 



(-1)' 



M 



A I 



(n - 2r)£ ■ Vv-i- 



(?) 
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On the other hand, for every Z G £ one has, 



1 



z Y 2 m m 



(-1Y (-IY 1 

tf z m * + tf z m ^ _ \ m m {(-ly+H^ + i-iyiA-r} 

(-IY (-IY (-IY 

K —Lz ■ ip + y —^{z + u{z)) ■ ip r + [ —^(z - u(z)) ■ W-i, 

Z M Z Z 



which implies 



Vz4>r 



(VfiP 



(-1)' 



A/ 



(8) 



M 

Therefore the pair (ip r , ip r -i) satisfies ([5]) if and only if ip := ip r + ip r -i satisfies V^V = X - r ip for 



all X G TM, that is, if and only if ip is a — tt — Killing spinor on (M, g). 



M 



□ 



The case (p') 2 — p 2 = — 1 is analogous to the case (p 1 ) 2 — p 2 — 1 up to a Lorentzian detour. We call © 
the following system of equations: 



.(-1) 



(-l) r 



(n - 2r)£ • Vv-i 



= (-l)''ep+(Z) M Vr-i 



(9) 



for all Z, Z' G £ x , where e G {±1}. 

Lemma 3.15 Lei (M 2n_1 ,<?,£) &e a Sasakian spin manifold with h = — J and fix r G {0, 1, ...,n} as 
weZZ as e G {±1}- Then a section (-0 r , Vv-i) of Y, r M (&Y> r -\M satisfies (0) if and only if ip :— ip r + ieip r -i 
is a ^—^2 — --Killing spinor on the Lorentzian manifold (M, —g^ <?£-!-)• 

Proof. First, there exists the analog of Riemannian flow in the Lorentzian context. A Lorentzian flow is 
given by a triple (M, g~, £), where (M,g) is a Lorentzian manifold and £ a smooth tangent vector field on 
M with g{Zt) = -1 and g(Vf £ Z') = -?(Vj^£ Z) for all Z, Z' G £ x . Note that (M,<?) is necessarily 



time-oriented because of the existence of £. Setting Vj^Z := 



(VfZ)« ifA_L£ 



for all Z G T(^) 



and h := V M £, one obtains a metric connection V and a skew-symmetric endomorphism-field h on £ J 
such that 

' VfZ = V r Z + h(Z) + £(Vf£ Z)£ 
VfZ' = V Z Z' + g{h{Z),Z')l 

for all Z, Z' G r( ( ^ ± ). Moreover, in case M is spin, the corresponding Gauss- type formula for spinors 
reads 

' Vsv = vf ^ - in + hC y¥ 



M 



'm £ M 



M 



M 



for all ip G r(SM) and Z G where 0(Z,Z') := g(h(Z),Z'). In case (M,<?,£) is Lorentzian Sasakian, 
i.e., if furthermore V~ f £; = 0, ft- 2 = —Id and Vh = 0, then we still have the V-parallel decomposition 



EM 



^Zo^rM with S r M := Ker(0^ - i(2r - (n - l)Id)). This time one has £;> r = (-l) r+ Vr for 



M 



all ip r G S r M. 

Assume now [M, g, ^) to be Lorentzian Sasakian and pick a section ip = ip r + Vv-i of E r M © S r _xM, 
then the formulas above imply 



1 



v r v = v~ip--n~ip 
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vfV- 



(-1) 



r+1; 



(-1) 



r+1 a 



-q^ - - ((2r - (n - l))^r + (2(r - 1) - (n - l))W-i) 



(-1) 



r+1,- 



-o + 

M 



(-1) 



r+l„- 



.Li^(2r-(n-l))f^ r 



M 

I^(2(r-l)-(n-l))££Vv-i 



(-1) 



r+1, 



(-1) 



r+1,- 



2 H+ 2 



-(n — 2r)£^ib r 

M 



(-1) 



r+1,- 



-(n - 2r)f^Vr-i, 



that is, 



V^-Vr-1 



AO, (^^) r + tlpi (n _ 2r) f ?> 



(V^V- 



2 "^)r-l 2 

This is still valid for r = or r = n (setting ^-l := ipn '■= 0)- Similarly, for all Z 6 



(-i) r 



M 

■(n - 2r)£~Vr-i- 

M 



1 



Z ^ 2 Af V ; A+ 



= vfv- 



(-1) 



r+1,- 



2 

(-l) r+1 i 



z~v + 

Af 



(-1) 



r+l„ 



-z~v- 

Af 



(-1) 



2 W> + 



(-1) 



r+1 



2 M^r-i 



Z~^ + (-l)''+ i l p_(Z)^Vr + (-l) r + >+(Z)^Vr-l, 
Af Af Af 



that is, 



V Z ^r 



(Vf ^ - tipiZ;» r + (-l)H"l i p + (Z);>_ 1 



VzVv-i = (vfv - 



(-i) r+1 » 



M 



M 



M 



If one changes the Lorentzian metric g into g := — ® <?£_l , then one obtains a smooth Riemannian metric 
g on M and the triple (M, g, £ := £) is a Riemannian flow with 



V 



= -/i 
= V. 



Moreover, the Clifford multiplications are related by 



Af 

Z • = Z~, 

A/ A/ 



M 



for all Z G £ = £ • Therefore the equations above become on (M, </,£) 



V e Vv = (Vf V - iz ^^) r - ^(n - 2r)£ ^ W 
VfiVr-x = (Vf V - ^P 1 ^),-! + " 2r)e m W-l 

V z Vr = (vf i> - i=lpi^) r + (-ir+>+(z) m 



VzVr 



Therefore, ipr — i&p r -i satisfies © if and only if tp is a — - 



M ' 1 Af 

2 -Killing spinor on (M,g, £). 



□ 



Round spheres provide examples of spin Sasakian manifolds where ([5]) is fulfilled for the right r. 

Lemma 3.16 For any odd n > 3, the (2n — 1)- dimensional round sphere M with its canonical Sasakian 
and spin structures admits a 2 f ~\ -dimensional space of sections of S n±i M © M © S n-i M © 

S r»-3 M satisfying ([5]). 
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Proof. Consider the standard embedding 8 2 " -1 c C", with unit normal v x — x and hence Weingarten- 
endomorphism field A = — IAtm- Set £ :— —iv. It is well-known that (S 2 ™ -1 , g, £) is a Sasakian spin 
manifold with h = — J on £ C TM, where J is the standard complex structure induced from C™. Let 
ip € £ r C™ with r € {0, 1 . . . , n} (i.e., ft ■ ip — i(2r — n)^ where fi is the standard Kahler form of C"). If 
r is even then ip £ E + C™. In that case the spinorial Gauss formula reads 

v%<p = v%<p-\a(x) - m * 

so that the restriction of ip on S 2 "" 1 satisfies Vj^ijj — \X ' i J : i- e -j is a ^-Killing spinor. If r is odd, 
then ip € £_C™. The spinorial Gauss formula for a section cp £ £~C™ 2 i , which can be identified with 
SS 2 ™ -1 provided we change the sign of the Clifford multiplication, reads then 

v£¥> = v£V + ^4po - m * 

for every X g TM. We deduce that V|f -0 = ■ ip for every X £ TM, that is, the restriction of ip to 

g2n-i j g a _I_Killing spinor. To sum up, the restriction of a constant section ip £ £ r C" to M := S 2 ™ -1 
is a — Killing spinor on M. Decompose such a ip into tp ~ ip r + ip r -i, see <j3j) . From Lemma f3. 141 and 

rkc(S r C n ) = ( n \ we conclude. □ 
The analog of § 2n_1 in the Lorentzian context is the Anti-deSitter spacetime H 2 ™" 1 , that can be defined 

by 

n-l 

H 2 ™- 1 := {z £ C" | - |z | 2 + M 2 = -!}• 

i=i 

Lemma 3.17 For any odd n > 3, £/ie (2n — 1)- dimensional Anti-deSitter spacetime M := H 2 ™ -1 with 
its induced Lorentzian Sasakian structure (with £ x = ix and h — J) and induced spin structure admits 

71 ^-dimensional space of - — ^ — --Killing spinors lying pointwise in S r M ® In particu- 

lar, if one considers the (Riemannian) Sasakian metric given by —g^(Bg^±, where g is the canonical 
Lorentzian metric of sectional curvature —1, then H 2 " -1 admits a 2 ( n ^ ^-dimensional space of sec- 
tions of Sn+iM © T,n-±M © Sn-iM © Ej-sM satisfying ©. 



2 



Proof. First recall that M is a Lorentzian Sasakian manifold and simultaneously an S 1 -bundle with totally 
geodesic fibres over CH™ -1 . Just as for the sphere, one can restrict spinors from C" onto M so that the 
following Gauss- Weingarten-formula holds for all ip £ C°°(C n , S2n) and all X £ TM: 

^ M *> lf«(x)eS+Vi 

M 

where A(A) := Vx^ is the Weingarten endormorphism of M in C™. Moreover, there still exists a V- 
parallel splitting = ®" = o^2n,r where E2n,r := Kcr(f2 • —i(2r — n)Id) (with dimension f n \) and 

VL is the Kahler form associated to the standard complex structure J on M. Choosing v x :— —x as unit 
normal on M , one has A = — IdrAf, so that the restriction of any constant section of C" x T,2 n ,r onto 

M provides a - — k Killing spinor. Since again T, r M\ M = E r M © S r _iM, the first statement follows. 

The second statement is a consequence of the first one together with Lemma 13.151 □ 



■!^Q . ^ if ^( x ) e S 2n Vx, 



The doubly warped product of Theorem l3.9l M) corresponding to M = S 2 ™ -1 is the complement of a point 
in the complex hyperbolic space CH" with its canonical Fubini-Study metric of constant holomorphic 
sectional curvature —4 (compare with [I] Satz 5.1]). Therefore we obtain a new description of the ima- 
ginary Kahlerian Killing spinors on CH™ after the explicit one by K.-D. Kirchberg [9l Sec. 3]. Actually 
CH™ is essentially the only example occurring in Theorem l3.9l iz): 
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Theorem 3.18 For n > 3 odd let (M 2 ™, g, J) be a Kdhler doubly warped product as in Lemma l3"l)l with 
(M 2n-1 ,<7, £) complete, Sasakian, simply- connected, spin, I = Ki, p = sinh and a = cosh. Lei M carry 
the induced spin structure and assume (M 2n ,g, J) admits a non-zero i-Kahlerian Killing spinor (ip,(f>). 
Then (M 2n ,g, J) is holomorphically isometric to CH™ \ {x} for some x G CH". 

Proof: It suffices to show that (M 2 ™ -1 , g, £) is § 2 ™ -1 with its standard Sasakian structure. By assumption 
and Lemma [3.141 the section ipn+i + <fn^i_ is a 2 — Killing spinor on (M 2 ™ -1 ,^, £) lying pointwise 

n + l ^ 

in Sn+i Af © Srj^iM and the section (j?n-i + y> n- 3 is a — ( -~ 1 ^ 2 2 — Killing spinor on (M 2 ™ _1 ,g,£) lying 

pointwise in © E1.-3M. At least one of them does not vanish. Now C. Bar's classification (see 

22 

in particular [3J Thm. 3]) implies that either M = S 2 ™ -1 or M is a compact Einstein- Sasakian manifold 
with exactly one non-zero \- and one non-zero —^-Killing spinor. Moreover, each Killing spinor induces 
a parallel spinor on the Riemannian cone M over M [2J. But coming back to McK. Wang's classification 
of simply-connected complete Riemannian spin manifolds with parallel spinors, it turns out that, in the 
latter case, the reduced holonomy of M is SU„ (where n is its complex dimension) and the parallel spinors 
lie in Y,oM and E„M (see jH (i) p. 61]), in particular not in S«±iM. Thus only S 2n_1 occurs. □ 



In case M = EI 2 ™ -1 is equipped with its associated Riemannian Sasakian structure, the corresponding 
doubly warped product with p = cosh and a — sinh has again constant holomorphic sectional curvature 
—4 by Lemma [nHH It is actually the complement in CH™ of some submanifold. We conjecture that, up 
to covering, H 2 " -1 is the only Lorentzian Sasakian manifold having non-zero imaginary Killing spinors 
lying pointwise in the "middle" eigenspaces S r M (with r E {^ir^ • • • , ^ip"}) of the Clifford action of the 
transversal Kahler form. If this happens, then only the complex hyperbolic space can occur as (simply- 
connected complete) example of doubly warped product in Theorem I3.9l m). 



4 Classification in a particular case 

In this section, we show that the structure of a doubly warped product can be recovered from the length 
function of a non-zero imaginary Kahlerian Killing spinor satisfying certain supplementary assumption 
on the Kahler manifold M. The following result can be seen as analogous to H. Baum's one [3] about 
imaginary Killing spinors of so-called type I. Recall for the next theorem that V was defined by (fTJ). 

Theorem 4.1 Let (M ,g,J) be a connected complete Kahler spin manifold carrying a non-zero i- 
Kahlerian Killing spinor (-(/>,</>). Assume — \<j)\ and the existence of a real vector field W on M 
together with a non-identically vanishing continuous function fi : M — > C such that W ■ ?p — fi(f>. 
Then the vector field V has no zero, the Kahler manifold (AI 2n ,g,J) is a doubly warped product as in 
Theorem 13. 9l z) and {i^,<p) comes from a transversally parallel spinor on (M,7),^). 

Proof. We construct a holomorphic isometry between (M 2n ,g, J) and some doubly warped product. This 
isometry is provided by the flow of some vector field associated to the Kahlerian Killing spinor (compare 
with the case of imaginary Killing spinors [3])- 

First note that, if \ip\ = \<f>\, then both ip and <j) have no zero on M. Because of \W\ ■ = \W-ip\ = |/x| • \<j>\, 
this already implies \W\ = \fi\ on M. Fix a neighbourhood U of a point x with /i(x) 7^ for all x € U. 
It follows from the definition of V that 

.g( P± (W)y) 

on U, in particular W(x) ^ and V(x) ^ for all x € U. Now Cauchy-Schwarz inequality with X = V 
in (H) gives |V| < \t/j\ ■ \(f>\ on M. With (JTOJl we deduce that 



n ^y\y+\ rr j, r j / iri N 
^ = 2l nia ( 10 ) 



\v\ 2 \w\ 2 

W 
< \w\ 2 



< 
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on U, which together with = \W\ provides \V\ = \<t>\ 2 ■ By the equality case in Cauchy-Schwarz 
inequality, we obtain V ■ tp = i\V\<fi and V ■ 4> = z|y|?/> on U . This identity holds on M because of the 
analyticity of all objects involved (by definition, ip is anti-holomorphic and <f> is holomorphic). This in 
turn implies | | = \4>\ 2 on M, in particular {V — 0} = and -X* ■ tp = i<f> as well as 4^ ■ <j) — iip on M. 

Next we look at the level hypersurfaces M r := {x 6 M, |0(x)| = r} (with r <G R*) which, if non-empty, 
are smooth because of {V = 0} = and Proposition ^. II A unit normal to M r is given by v :— t|C and 
the associated Weingarten endomorphism held is 

:= -Vx^ 

for every X 6 i/ . Setting £ := —J{v) (note that the vector held £ is pointwise tangent to M r ), using 
v ■ tp = i<f> and Proposition 12.11 m 1 ). we compute, for all X, Y € f , 

fl(A(X),y) = -^.g(VxVT) 

= -^Ke «p_(a:) • 0, P _(y) • 4>) + (p+(x) ■ ^, p+ (y) ■ v)) 

= -^f e Up-W -i"i>,P-(y)"" *i>) + (p+( x ) ■ <p,p+(y) ■ v>» 

= - ( - <p_(x) • v ■ ^ i/ • P _ (y) • $ - 2 5 ( I /,p_(y))( P _ (x) • i/ • v, V) 

+ (p + (x)-v,p+(y)-^}) 

= -|4»c(<i/ • P -(X) -fru- p-(Y) ■ V> + 2 fl (i/, j>_pOW, * • P-W • ^> 

- 2 ff ( I /,p_(y))( P _(x) • v ■ + ( P+ (x) ■ tP, p+ (y) ■ v>>) 

= ~3le((X . V, y • V) + J(X))(V, i/ • P-(Y) ■ f/>) + ig{v, J(Y))(p_(X) -v^, V>) 
= -^(\M 2 9(X,Y) + g{v, J(X))SRe ((0,p_(y) ■ ^) ) - g{y, J(Y))Me((p^(X) ■ ( f ) ,^))] 

= -^(m 2 9(X, Y) + g(u, J(Y))g(J(X), V)] 
= -{s{X,Y)+g%X)g%Y)) i 

that is, A = — ldTM r — £ b ® £■ In particular, the Gaufi- Weingarten formula for the inclusion M r C M 
reads V X Y = V^ r Y - (g(X, Y) + g(£, X)g(£, Y))v for all vector fields X, Y tangent to M r . 
We begin with the reconstruction of the doubly warped product structure of Theorem I3.9l i). From 
= -2£, we deduce that A(J(V)) = -2J(V), hence V J{V )V = 2J(V). Proposition O") gives 

J(V)(\V\) = 9&v^J(V)) = _L_^ {{p _ {v) {J(V)) 0) + {p+(v) ^ p+( j {v)) . ^) = o. 

Therefore V J(V) V = 2\V\J(V), that is, V V V = 2\V\V using V J(X) V = J{V X V) for all X. This implies 
for the commutator of £ and v (which we need later for the identiheation of the metric and of the Sasakian 
structure) 

%v\ = -[J(v),v] 

jjy) v_ 
1 \v\ '\v\ l 

\v\ 1 j Vl \v\ [ \v\ ' J 
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(11) 



We show now that each (non-empty) (M r ,g\ M , £i M ) is Sasakian. For every X G TM r , one has 

V^C = -Vx(JM) 
= -J(Vx^) 

= ^PO) 

= -J(I)- 5 (?,IK 

so that Vf£ = — 2z/, from which V^ r ^ = follows and, for every Z G {£, v}^-, the identity Vz£ = —J(Z) 
implies V^f r £ = — J(Z). In particular, £| M defines a minimal Riemannian flow on (M r ,g\ Mr ) and 
h = — J is an almost Hermitian structure on £ C TM r . It remains to show that h - or, equivalently, J - 
is transversally parallel on Recall that, from the definition of the transversal covariant derivative V 
one has, for all sections Z, Z' of £ , 



and 

V Z Z' = 



from which one deduces that 

(V £ J)(Z) = V £ (J(Z)) - J(V ? ^ 

= V € (J(Z))-Z- J(V € Z) + Z 
= 

and 

{V Z J){Z') = V Z {J{Z'))-J{V Z Z') 

= Vz(J(Z')) + ■/(Z'))* - ff(J(Z), J(Z'))£ 
- J(VzZ') + Z')Z + g{J{Z),Z')v 

= o, 

i.e., VJ = 0, which proves that {M r ,g\ M , £| M ) is Sasakian. 

We come to the holomorphic isometry. Denote M := M\, g :— g\ M and £ := £| M . Up to rescaling </>) 
by a positive constant (this does not influence both conditions on (ip,(f>)), we may assume that M^0. 
Let F" be the flow of v on M. The vector field v is complete since v is bounded and (M, 5) is complete. 
Consider the map 

F : M x R — > M 

(x,t) .— ► Ft( x )- 

We first show that F is a diffeomorphism. If F"(x) — F^,(x') for some f,i'el and x, x' G M, then x 

and a;' lie on the same integral curve of v. Let now c be any integral curve of v on M with c(0) G M and 
set /(i) := |V| c ( t ) (note that / a priori depends on the curve and in particular on the chosen starting 



= Wf r Z-h{Z) 
= VsZ-g(A(0,Z)v + J(Z) 
= V^Z + J(Z) 

V^Z' + g(h(Z),Z')Z 

V Z Z' -g(A(Z),Z')v-g(J(Z),Z')Z 

V z Z' + g(Z, Z')u-g(J(Z),Z% 
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point). Then / is smooth with first derivative given by f'(t) = a(V ^2 V) (c(t)) = 2\V\ c{t ) = 2f(t) for all 
f, so that / = /(0)e 2t = e 2 *. This has several consequences. On the one hand, / is injective, so that c 
meets M at most once, hence x = x' and t = t' ', which proves the injectivity of F. On the other hand, / 
does a posteriori not depend on the chosen starting point on M, in particular F" preserves the foliation 
by the level hypersurfaces M r of \<f>\ and hence the orthogonal splitting TM r © Rza Together with the 
surjectivity of / : R — > R?, we obtain that of F and the pointwise invertibility of the differential of F. 
Therefore F is a diffcomorphism. 

Next we determine the metric F*g. The map F sends onto v, so that obviously F*g(-§ 1 , §- t ) = 1. The 
preceding considerations also yield F*g(^,X) = for all t G R and X G TM. Since 

we have 

= e 2t C (12) 
for every t G R. Moreover, the Lie derivative of g in direction of v is given for all X, Y G v 1 - by 

(C v g){X,Y) = g{V x v,Y)+g(V Y v,X) 
= -2g(A(X),Y) 
= 2(g(X,Y)+g(£,X)g(£ t Y)), 

that is, (C v g)i ± = 2{g + £ b ® £ b ). The identity ^(F^)*g u=t = {F»)*C v g provides, for any X, Y G TM 
and t G R 

^((F;)* 5 (x,Y)) u=t = (^(F;)*. 9 |_)(x,y) 

= {(^)*^ 5 }(X,Y) 

= £„s((F t ").X, (^).y) o if 

= 2( 5 ((if (if )*Y) + <?(£, (f t ").*Mf, (i?)*Y)) o if 
= 2((if )* 5 (X,Y) + (Fn*9((F» t U,X)(Fn*9((F-tU,Y)) 

2({Fn*9{X, Y) + e- 4t (Fn*g(L *)(F t Ts(£, y)) • (13) 



Since (F t ")*S&0 = (^)*0 ° ^ (e 4t .g(£,0) ° = e 4t , we deduce from (BJ) that, for 



<9.s 



((^r^,y))u. t = 4(^r. 9 (e,y), 



from which (if )*g(£, Y) = e 4t g(£, Y) follows. In particular, (F t 1 ')*p(£ J Y) = for every Y G {£, i/^. For 
I,ye {£, the identity (fT3")) becomes 

^((^)* 5 (X,Y)) u=t = 2(Ff)* g(X, Y), 

which implies (F^)*g(X, Y) = e 2t g(X, Y). To sum up, the pull-back metric onMxl is given by 

F*g = e 2t {e 2t g^®g^)®dt\ 

where <?£ = £ <8 £ = ') ® ') an d, as in the beginning of this section, g^ ± denotes the restriction 
of g onto the subspace {£, ^} J " C TM. Hence the map F provides an isometry with the doubly warped 
product of Theorem 13.91 0. This isometry pulls the spin structure of M back onto the product spin 
structure of M x R, where M carries the spin structure induced by its embedding in M. It remains to 
show that F identifies the complex structures. This follows from the definition of the complex structure 
on the doubly warped product M x R (see Lemma [3.4p . from (F")*v = v, (if )*(e~ 2t £) = £ and from 
[J{Z), v] = V J[z) v - V V J{Z) = -A{J{Z)) ~ J(V U Z) = J{Z) - J{V V Z) = J([Z, v]) for every section Z 
of {£, v} 1 - (use the computation of A above). 

Last but not the least, the identity v ■ ip = i<fi implies that <f> (or, equivalently, ip) is transversally parallel 
on (M, g, £) by Theorem 13.91 0. This concludes the proof of Theorem 14. II □ 
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It is important to note that only the condition W ■ ip = [uj) f° r some real vector field W is restrictive, 
since by [HI Thm. 11] the identity = \<j>\ can always be assumed. 

We conjecture that the examples of Section [3] describe all Kahler spin manifolds admitting non-trivial 
imaginary Kahlerian Killing spinors. This will be the object of a forthcoming paper. 
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